EMBEDDING OF A MAXIMAL CURVE IN A 
HERMITIAN VARIETY 

GABOR KORCHMAROS AND FERNANDO TORRES 



Abstract. Let X he a. projective geometrically irreducible non-singular algebraic 
curve defined over a finite field Fq2 of order q^. If the number of Fg2 -rational points of 
X satisfies the Hasse-Weil upper bound, then X is said to be F^2 -maximal. For a point 
Pq € X{Fq2), let TT be the morphism arising from the linear series V := \{q + l)-Po|j 
and let N :— dim(I?). It is known that N > 2 and that tt is independent of Pq 
whenever X is Fg2 -maximal. The following theorems will be proved: 

Theorem 0.1. If X is F ^2 -maximal, then tt : A" — > n{X) is a F g2 -isomorphism. The 
non-singular model ^{X) has degree q -\- I and lies on a Hermitian variety defined 
over Fg2 o/P^(F,2). 

Theorem 0.2. // X is Fg2 -maximal, then it is F g2 -isomorphic to a curve y in 
P*^(F^2), with 2 < M < N, such that y has degree q + 1 and lies on a non-degenerate 
Hermitian variety defined over Fq2 o/P^^(Fq2). Furthermore, Autp 2 (^) isomor- 
phic to a subgroup of the projective unitary group PGU{M -\- l,q^). 

Theorem 0.3. If X is F ^2 -birational to a curve y embedded in P*^(Fq2) such that 
y has degree q+1 and lies on a non-degenerate Hermitian variety defined over Fq2 
o/P^(Fq2), then X is Fq2 -maximal and X is F q2 -isomorphic to y. 



1. Introduction 

Let X he a, projective geometrically irreducible non-singular algebraic curve defined 
over F^, the finite field of order £. There is a natural way to define a F^-linear series V 
on the curve X provided that ^'(F^) 7^ 0, and geometrical and arithmetical properties 
of X may be investigated by using T). This linear series V arises from the character- 
istic polynomial h{t) of the Jacobian J (over F^) of X in the following way, see 
Section 1.3]. Let H^i ^r(^) be the factorization of h{t) over Z[t]. Since the Frobenius 
morphism Fr j (over F^) on J is semisimple and the representation of endomorphisms 
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of J on the Tate module is faithful pi], Theorem 2], [|1^, VI, Section 3], we have 



JJ/i,(Fr^) = on J. 

i=l 

Now let Pq G XiFg) and set m := \ Yli=i^ii^)\- Then the foregoing equation is 
equivalent to the following linear equivalence of F^-divisors on X: 

T 

(1.1) 5^«,Fr;^-XP) + Fr;,(P) ~mPo PeX, 

i=l 

where Yll=i + := H^i hi{t); see P, Section 1.3]. 

Assume from now on that £ is a square, and let q := v^. Then h{t) = {t + qf^ if and 
only if X is Fg2-maximal, that is ^X{Fg2) attains the Hasse-Weil upper bound 

l + q^ + 2qg, 

where g is the genus of X. From (|1.1| ), every Fg2-maximal curve X is equipped with 
a F^2-linear series T) = T>x = \{q + l)-Po| which is independent of Pq ^ '^(Fgz) and 
satisfies the so-called "Fundamental Equivalence" Corollary 1.2]: 

(1.2) gP + FrAr(P) ~ (g+ l)Po for any P G A" . 



In particular, (g + 1)P ~ (g + l)Po for all points P G XiY^i)^ see [|18[ Lemma 1]. 



Maximal curves have been intensively studied also in connection with coding theory 



and cryptography. The pioneer work by Stohr and Voloch [Q, giving among other 
things an alternative proof of the Hasse-Weil bound via Weierstrass Point Theory, 
has been widely used to investigate maximal curves, their D- Weierstrass points and 
the support of the Fg2-Frobenius divisor associated to T>. However, the fundamental 
question in this context, namely whether the Fq2-morphism : X ^ ^('^) associated 
to T) is an isomorphism, has only had a partial answer so far |^, Proposition 1.9]. Our 
Theorem |2]^ (which is the first statement in Theorem p.l|) states that tt is indeed an 
isomorphism. (This result was originally stated in ||^, Section 2.3] but the proof giving 
there was not correct.) Hence the maximal curve X may be identified with a curve of 
degree g + 1 embedded in the projective space P^(Fg2) with N = dim(P). 

This allows to investigate in some more details the geometric behaviour of A". In the 
smallest case, = 2, A' is a non-degenerate Hermitian curve, according to the Riick- 



Stichtenoth theorem, see |]T8| . Our Theorem R]^ (which is actually the second statement 



in Theorem |0.1| ) is a generalization for > 2 as it states that X lies on a Hermitian 
variety H C P^(Fq2) defined over Fg2. It might be that H is degenerate in some cases, 
such a possibility occuring when X is (A^ — l)-strange that is the osculating hyperplanes 
to X at generic points have a non-empty intersection. This kind of pathology in positive 
characteristic has been considered by several authors after Lluis and Samuel, see the 
most recent papers |]I5|, |T^, 0, |n]] on this subject. What we are able to prove in this 
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direction is the existence of a projection (p : P^(Fg2) '¥''^'^{¥^2) such that (f){Ti{X)) 
hes on a non- degenerate Hermitian variety defined over Fg2 of P*^(Fg2), see Theorem 
p.2| and Section ^. Here M is the dimension of the smallest linear series TZ containing 
all divisors qP + Yy: x{P) with P ranging over X . In other words, M is the dimension of 
the smallest Fg2-vector subspace V of the function field ¥q2{X) such that for any two 
points Pi, P2& X there exists f eV satisfying qPi+Yrx{Pi) = qP2+Frx{P2)+div{f). 
The converse of the first statement of Theorem p.2| also holds, see Theorem |0.3| and 
Section ^ Putting together these two theorems we see that the study of Fq2-maximal 
curves is equivalent to that of projective geometrically irreducible non-singular curves 
of degree q + 1 lying on a non-degenerate Hermitian variety defined over Fg2 in a 
projective space over Fq2. Note that g + 1 is the minimum degree that a non-singular 
curve of degree bigger than one lying on a non-degenerate Hermitian variety can have. 



2. Maximal curves and their natural embedding in a projective space 



Our terminology in this and subsequent sections is the same as employed in section 2 



of 20 , and in 



In this section we assume that X is a Fq2-maximal curve. Our aim is to show that X 
is Fg2 -isomorphic to a curve in P^(Fg2), N being the dimension of the linear series 
V = Vx = \iq + l)Po\ with Pq E X{Fq2). Let n : X ^ ^^(Fq^) be the morphism 
associated to V. Then 

Lemma 2.1. (P, Prop. 1.9]) The following statements are equivalent: 

(1) X is Fg2 -isomorphic to n^X); 

(2) For PeX, 7i{P) e P^(F,2) ^Pe X{Fg2); 

(3) For P E X , q is a Weierstrass non-gap at P. 



Hence we can limit ourselves to prove the above statement (2). To do this we need 
some previous results concerning D-orders and Frobenius D-orders. 

Let eo = < ei = 1 < . . . < eiv (resp. z^o = < z^i < . . . < i^n-i) denote the P-orders 
(resp. the Fg2-Frobenius orders) of T>. 

Lemma 2.2. (P, Thm. 1.4]) The V-orders and Frobenius V-orders of X have the 
following properties: 

(1) eiv = q; 

(2) un-1 = q; 

(3) u^ = l^ffN>3■ 

(4) 0,1, and q (resp. q + I) are (V, P)-orders provided that P ^ X{Fg2) (resp. 

P e x{Fg2)). 
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Let TT = (/o : . . . : /at) where each projective coordinate fi belongs to Fg2{X), the 
function field over Fg2 of A". As in |2^, we will consider tt : X ^ P^(Fg2) as a 
parametrized curve in P^(Fq2), and the points P E X will be viewed as its places 
(or branches). Then the intersection divisor 7t^^{H) of X arising from a hyperplane 
H of P^(Fg2) is defined in the usual manner, and T> turns out be the linear series 
of hyperplane sections, see |2y, p. 3]. In particular, the osculating hyperplane at P is 
the hyperplane in P^(Fg2) which intersects the branch P with multiplicity j^, where 
(jo, ji, • • • , Jat) is the {V, P)-order sequence, see [|^, p. 4]. 

Put £((g + l)Po) = (/o,--- Jn)- By Lemma 13(1) and [0, Thm.l], there exist 
Zq, . . . , G Fq2(X), not all zero, such that 

(2.1) z'Jo + ... + z%fN = 0. 

Some features of the homogeneous A^-tuple {zq, . . . , zn) are stated in the following 
lemma. 

Lemma 2.3. (1) The osculating hyperplane at P E X has equation 
wl{P)X^ + wl{P)Xi + . . . + w%{P)Xn = , 

where Wi := f^^ Zi, t a local parameter at P, and cp := — mm{vp{zo), . . . , Vp{zj\f )}; 

(2) The following relation also holds: 

(2.2) Zof^ + ... + ZNfN = 0; 

(3) The Fg2 -rational functions zq, zi, . . . z^ are uniquely determined by Eq. ( ^■^ ) up 
to a non-zero factor in Fg2{X)] 

Proof (1) For i = 0, . . . , A^, let 

oo 

«^.W = E«^'^F,2[[t]] 
i=o 

be the local expansion of Wi at P. As there exists i G {0, . . . , A^} such that Oq ■* 
(e.g. i satisfying cp = —vp{zi)), we can consider the following hyperplane in P^(Fq2): 

H: 5^(a«)«X, = 0. 

Then, thanks to Lemma |2.2| (4), Item (1) follows, once we have shown that 
vp{7i~^{H)) > q. Taking into consideration Eq. ( p.l|) , 

N N oo 

(2.3) vp{j2{al;^yfd = vp{t^ Yl E «f ^'^'V.) , 

i=0 i=0 j=l 

yielding the desired relation vp{tt~^{H)) > q. 
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(2) By the Fundamental Equivalence ( p. .21 ), Frx{P) belongs to the osculating hyper- 
plane at P for every P E X. Then from Eq. (|2.1| ) we infer for all but a finitely many 
points P E X that 



N 



i=0 



and Item (2) follows. 

(3) This is clear because once the projective coordinates are fixed, then the osculating 
hyperplane at any point is uniquely determined modulo a non-zero element of Fq2. □ 

Lemma 2.4. Let P e X he such that n{P) G P^(Fg2). Then P G X{Fg2). 

Proof. Since vr(P) is Fq2-rational we can take it to the point (1 : : . . . : 0) by means of 
a Fg2-linear transformation. The new coordinates still satisfy Eqs. (|2.1| ) and (|2.2|) . In 
addition, we can assume that tt = (1 : /i : . . . : f^) so that vp{fi) > 1 for i > 1. Now, 
the set up and the results of the computation involving local expansion in the proof 
of Lemma |2.3| (2) together with Lemma |2.2| (4) allow us to limit ourselves to check that 



vp{n~^{H)) > g + 1 for every point P chosen such that vr(P) G P^(Fg2). As we have 
already noted, vp{fi) > 1 for i > L Then, taking also into consideration Eq. (|2.3|), we 
only need to see that af^ = 0. As a matter of fact, this follows from Eq. ( p.2|) , and 
hence the proof of the lemma is complete. □ 



As a corollary to the Lemmas 2.1 and p.4| we obtain the following result. 



Theorem 2.5. The morphism n is a closed embedding, i.e., X is Fq2-isomorphic to 
7r{X). 



Remark 2.6. (1) As it was showed in Sect. 2], [|, Sect. 2.3], a class of Fq2 -maximal 
curves can be characterized by the type of the Weierstrass semigroup at some Fq2- 
rational point of the curve. The semigroups involved in such a characterization belong 
to a special family of numerical semigroups H defined by the following two properties: 

(1) q,q + 1 G H and (2) there exist r, s E H so that each h E H with /i < g + 1 is 
generated by r and s. Indeed, if a Fg2-maximal curve has a Fg2-rational point Pq such 
that the Weierstrass semigroup H{Pq) at Pq satisfies each of the above two conditions, 
then H{Pq) = (r, s). In particular, the genus of such a curve is (r — — l)/2. Other 
interesting properties of maximal curves depending on the behavior of their Weierstrass 
points were pointed out in ^ Sect. 2.4]. 

(2) Theorem ^]5| implies that 

(2.4) AutF^2 i'^) = {Ae PGL{N + 1, g^) ; Att{X) = 7t{X)} . 

For a stronger result on Aut(A:'), see Theorem ^.7| . 
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Remark 2.7. For an application of Theorem 2.5 in Section y we stress that the condition 



of V being a complete linear series was not used. Hence Theorem |2.5| holds true if V is 
replaced by a (non-complete) linear subseries 7?. of P as long as 71 contains all divisors 
qP + Frx{P) with P & X, and ir means the morphism associated to TZ. 

3. On the dual of 7y{X) 

The dual curve (also called strict dual) Z* of a non-degenerate projective geometrically 
irreducible algebraic curve Z of a projective space P is the closure in the dual projective 
space P* of the subset of points which represent the osculating hyperplane Lp~^ to Z 
at some general point P E Z, see for instance fill] and 



In this section, we assume that A" is a maximal curve over F„2, and identify X with 7r(A') 



according to Theorem p.5|. Let vr* : — > P (F„2) be the morphism with coordinate 



functions zq.zi... , introduced in the previous section. By Lemma |2]^(1), tt* o Pr^t- 
is the Gauss map P ^ L^p ^\ This leads us to consider the curve t(*{X) in P^(Fq2). 
Note that, vr*(A') might be a degenerate curve in the sense that it might happen that 
T^*{X) is contained and non-degenerated in a subspace P^^ of P^(Fq2). By a result 
due to Kaji [|l^. Prop. 1], if this is the case then there is a (A^ — M)-dimensional 
subspace p^-^^ of P^(Fg2) which is the intersection of the osculating hyperplane to 
X at general points P G A", that is apart from a finite number of points P E X. 

In our situation, no point of X lies on p^-*^. In fact, let R G p^-*^^ and assume on 
the contrary that R E X . Choose a point Q E X such that Q ^ R but the osculating 
hyperplane Lq to A" at Q contains p^^-^ , Since Lq meets X in {Q,¥yx{Q)} we 
have that YrxiQ) = R, and hence Q is uniquely determined by R. But this is a 
contradiction, as we can choose Q in infinite different ways. 

Furthermore, P*^ is invariant under the Frobenius coUineation [Xq : . . . : X^) \—>- {Xq : 



2 

. . . : ). This yields that P*^ is defined over F„2. Take a new F„2-invariant frame in 
P^{Fq2) in such a way that P^^ has equation Xm+i = 0, . . . Xjy = 0. Then zm+i = 
0, . . . ,Zn = and n* : X ^ P'^^ is given hy {zq : . . . : Zm)- Hence, according to Lemma 
p73|(l), the equation of the osculating hyperplane to X aX Q is 7o-^o + • • • +i\{Xm = 0, 
where 7r*((5) = (70 : . . . : 7^). 

Lemma 3.1. We have deg(7r*(A')) = g + 1, and the linear series cut out on t^*{X) by 
hyperplanes o/P^^ contains all divisors qP + Fr^f (P) with P E X . 

Proof. Choose a point Pq = (ao : ... : aN) G X{Fq2). Here, a, 7^ for some i 
with < i < M. In fact, if a, = for i = 0, . . . , M, then Pq would belong to 
the hyperplane osculating at general points of X and so Pq would be in the above 
P^~^ which is impossible as we have shown before. Now consider the hyperplane H 
of equation u^Xq -|- . . . + a^Xjv/ = which can be regarded as a hyperplane of P*^. 
Let P G A" such that 7r*(P) = (70 : . . . : 7m) e if n 7r*(A'). 7^ G Fg2. We have that 
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q;q7o + . . . + a^,j7M = so that 7oao + • • • + Tl/OAf = 0. This shows that the osculating 
hyperplane to at P passes through Pq (Lemma ^73|(1)). Since Pq G X{Fg2), this 
is only possible when P = Pq. Thus we have proved that H fl TT^iX) contains no 
point different from 7r*(Po)- We want to show next that the divisor {7t*)^^{H) of X is 
(g + l)Po- To do this we have to show that 

^Po((^'')~^(-^)) = ^Po(«o^o + • • • + alfWN) = q + l, 

where vp^^ denotes the valuation at Pq, Wi := f^^ozi, t is a local parameter at Pq and 
:= -mm{vpo{zo), ... , vp^^^zn)}. (Recall that zm+i = . . . = zn = 0.) 

After a Fq2-linear transformation of P''^(Fq2) we may assume that Pq = (1 : : . . . : 0) 
and that 

/o = 1, A = + . . . , = ti- + . . . , 

where fi = fi/ fo and (0, ji, . . . , jtv) is the {V, Po)-order sequence of X. Then we have 
to show that vp^{wq) = q + 1. 

From Eq. ( |2.2| ) we deduce that 



On the other hand, we claim that Vpg{wi{t)) = 1. By ( |2.1| ) 

woity + wiitfit^' + ...) + ••• + wnitfit^^ + ...) = . 

From the definition of Wi it follows that vpf^{wi{t)) = for almost one index i. Since 
1 = ji < j2 < • • • < jAf = 9 + 1 and Jn-i < q the only possibility is i = N, and 
Wi{t) = ut + . . . with u ^ 0. The latter relation proves the claim. Now, this together 
with Eq. (*) yield that vp„{in*y\H)) = q + I. Hence, {7r*)-\H) of X is {q + l)Po 
from which the first part of the Lemma follows. The second part follows from the 



Fundamental Equivalence (|1.2| ). □ 



The above Lemma together with Remark p.7| have the following corollary. 
Lemma 3.2. The curves X and 7r*(A:') are Fg2 -isomorphic. 

Also, since I? is a complete linear series. Lemma |3.1| gives the following result: 



Lemma 3.3. Every Zi,0 < i < N , is an Fg2-linear combination of fo, . . ■ , fN- 
Now, we are in a position to prove the following theorem. 

Theorem 3.4. The curve X lies on a Hermitian variety defined overFq2 of P^{F„2 , 



Proof. Without loss of generality we may suppose that /o = -Zo = 1- For i = 0, . . . ,N, 

■'j= 



let Zi = '^ijfj with Cij G Fg2. Note that Cjj = for M + 1 < i < and that the 
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matrix C = (cjj) has rank M + 1. We prove that C is actually a Hermitian matrix over 
Fq2. To do this, we re- write Eq. ( p.2|) in the following manner: 

N N 

Taking into account the uniqueness of the A^-tuple {zq = 1,^1,... ,ziy) proved in 
Lemma [27^ (3), comparison with Eq. (|2.1| ) gives 

N N N N 

c^i/j = ^ ciifi, . . . , ^ c^Af/j = ^ cmfi ■ 

i=0 i=0 1=0 i=0 

Since /o = 1, /i, . . . , /at are linearly independent over Fq2, this yields Cy = c^j for every 
< i,k < N. This proves that C is Hermitian. After a Fq2-linear transformation of 
P^(Fg2) we may assume that the matrix C is the diagonal matrix with M units. Then 
( |2.1| ) becomes 

and hence A* lies on the Hermitian variety of equation Xq~^^ + . . . + X^^^ = 0. □ 

Remark 3.5. From the proof above, Zi = fi for < i < M. Hence vr*(A') is the 
projection (/q : ... : /at) (/o : ... : /m); and 7r*(A:') lies on a non-degenerate 
Hermitian variety defined over Fg2 of P^^(Fq2). 

Taking into account Lemma |3.2| we obtain the following result. 

Theorem 3.6. X admits a non-singular model given by a curve defined over Fg2 which 
has degree q + 1 and lies on a non-degenerate Hermitian variety defined over Fg2 of 
P^\Fg2) of dimension M < N. 

From the above arguments, it also turns out that the osculating hyperplane to X at any 
point P G A" coincides with the tangent hyperplane to the non-degenerate Hermitian 
variety at the same point P. This allows us to improve the previous result ( |2.4| ) on 

Theorem 3.7. Autp 2 i'^) is isomorphic to a subgroup of the projective unitary group 
PGU{M +l,Fg2). 

Proof. By a way of contradiction, assume that X lies not only on 7i but also on the non- 
degenerate Hermitian variety Ti' which is assumed to be the image of 7i by a non-trivial 
Fg2-linear collineation fixing X. Choose any point P & X. Then the Ti and Ti' have 
the same tangent hyperplane at P, as each of these tangent hyperplanes coincides with 
the osculating hyperplane to X at P. To express this geometric condition in algebraic 
terms, set P := (xq : ... : Xm), and write the equations of H and TC' explicitly: 
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n := Xo^+^ + . . . + X^+^ = 0; W := X*C(X)'? = where X := (Xq, . . . , Xm), and C is 
a non-singular non-identity unitary matrix of rank M + 1. Then the above geometric 
condition in algebraic terms is that the homogeneous {M + l)-tuples (xq, . . . ,x\.j) and 
(co.o^^o + • • • + cm,ox1^, . . . , co^mxI -|- . . . + cm,mx\i) are equal up to a non-zero factor. 
Another meaning of the latter relation is that the non-trivial Fg2-linear collineation 
associated to the matrix C fixes X pointwise. But this is impossible as X is not 
contained in a hyperplane of P'^; a contradiction which proves the theorem. □ 



4. Curves lying on a Hermitian variety 



The aim of this section is to show that the property given in Theorem |3^ characterizes 
F^2-maximal curves. For this purpose, we assume from now on that A* is a projective 
geometrically irreducible non-singular algebraic curve defined over a finite field Fg2 
which is equipped with a non-degenerated Fg2-birational morphism vr = (/q : . . . : 
/m) : X — > P^^(Fg2) such that the curve y := vr(A') has the following properties: 

• It has degree q+1, and it lies on a non degenerate Hermitian variety 7i C P^^(Fg2) 
defined over F^2. 

The main result in this section is the following theorem. 

Theorem 4.1. The curve X is Fq2 -maximal. 

The Hermitian variety 7i of P^^(Fq2) is assumed to be in its canonical form Xq"^^ -|- 
. . . -|- X^^ = 0. By our hypothesis, 



(4.1) /o^^' + ... + /r = 0. 

For any point P & X, let vr(P) = (oq : . . . : ctAf)- Choose a local parameter t at P, and 
arrange the coordinate functions to have vp{fi) > for i = 0, . . . , M and vp{fk) = 
for at least one index A; G {0, . . . , M}. Then 

oo 
3=0 

is the local expansion of /, at P. Here, = Oj^o and o 7^ 0. The tangent hyperplane 
Hp to the Hermitian variety at 7r(P) has equation O-^Xq + . . . + a^^X^ = 0. 

The first step toward Theorem [4.1| is the following lemma. 



Lemma 4.2. The linear series TZ cut out on y by hyperplanes contains the divisor 
qP + Frx{P) for every P e X. 
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Proof. We show that Hp cuts out on y the divisor qP + Pr^(P). From Eq. 



(4.2) (Yl «o,,t^) Vo + • • • + (E ^M.t^yfM = . 

j=0 j=0 

Writing the lower order terms in t, we have 

MM R 

E <o/. +t'Yl «^.o<i + f^^' E «M ' + ^'""'t- • • ] = • 

1=0 i=0 i=0 

Hence vp{Tx~^{Hp) > q and equahty holds if and only if Yl!iLo^li^ifl 7^ 0- We show 
that if P G X{Yq2), then Y.T=q (^liHo = 0. From 

M M 

E«S'+tE<o«M+^i---] = o. 

j=0 j=0 

Thus, Z]j*!o '^i,o«i,i = 0- Since (Zli^o Oi.o^i.i)^ = Zlf=lo «i,o«i,i for P G A:'(Fg2), the claim 
follows. Since tt is birational and deg(3^) = g + 1, we obtain n^^^Hp) = {q + 1)P 
for every P G A'(Fg2), which shows the lemma for every P G A'(Fq2). For the case 
P ^ A:'(Fq2), we also need to check that Fr;v(P) G Hp. This inclusion occurs when 
'^fLo'^i = 0. Since the latter relation is a consequence of ([4.2| ), the claim follows. 
Hence, n^^{Hp) = qP + Fr;t'(-P) because vr is birational and deg(3^) = q + 1, □ 



Then from Remark |2.7| and Lemma follow that X and y = tt{X) are Fq2 -isomorphic. 
Hence if M = 2, 3^ is the Hermitian curve and so X is Fg2 -maximal. From now on we 
assume M > 3. 

Our approach is based on a certain relationship between the Wronskians determinants 
of y and of its projection on a (M — l)-dimensional subspace of P*^(Fg2). More 
precisely, let vf : A" ^ P*^"^(Fg2) defined hj X ^ {Jq : . . . : Jm-i), that is 3^ is 
the projection of y from the point (0 : ... : 1) on the hyperplane Xm = 0. It might 
happen that 3^ and y are not Fg2-birationally equivalent. However, it is always possible 
avoid this situation by changing the coordinate system in P^(Fq2), see Appendix. So 
we assume that 3^ is Fg2-birationally equivalent to 3^. 

Choose a separating variable t of A", and define Dt as the Hasse derivative with respect 



to t, see [00]. Then [20, Section 1] 



Wrifo,... Jm-i) :=det 



A"7o A^Vi 



DTf, 



M-l 



DT'-'fM-i 



MAXIMAL CURVES IN A HERMITIAN VARIETY 



11 



and 



Wr{fo,...,l 



M) 



det 



M 



Note that in our case eo = 0, ei = 1, . . . , = q. 
Lemma 4.3. We have that 

div(W^r(/o, . . . , /m)) = div(l^r(/o, . . . , /M-i))-gdiv(/M)+div(/oA7o'+- • ■+fMDtfl) 
Proof. Multiplying the last column by fl^ and adding to it /q times the first column 



plus fl times the second column etc. plus / 



M 



fo fl 

A/o A/i 



times the penultimate column gives 



f^DJo + ... + fljDtl 



Tm 



r.Dif, + . . . + /I, a7m 



A7o A7i 

Each element but the last one in the last column is actually 0. In fact, this follows 
from the relation ( [4.1|) by derivation. Furthermore, the g-th Hasse derivative of the 
same relation gives 

/o^ A/o + . . . + fhDtfM + /o A7o' + • • • + /a/ A7I/ = , 
and this completes the proof. □ 



Let Rm be the ramification divisor of the linear series cut out on y by hyperplanes of 
P^^(F^2). The following result comes from [ pPj , p. 6]: 

Lemma 4.4. Let P E X . If t is a local parameter of X at P, then 

vp{RM) = vp{Wr{fo,... Jm)). 

Similarly, let Rm~i be the ramification divisor of the linear series cut out on 3^ by 
hyperplanes of P*^"^(Fg2). 

Lemma 4.5. Let P E X . If t is a local parameter of X at P, then 

vp{Rm-i) = vp{Wr{fo, . . . , /a/-i)) • 

Proof By [gU|, p.6], 

vp{Rm-i) = vp{Wr{fo, ... , /m-i)) + (cq + ei + . . . eM-i)vp{dt) + Mcp , 

where ep := — min{t;p(/o), . . . ,fp(/A/-i)}- Actually, ep = 0. In fact, ep > together 
with ep = would imply that the point Um '■= {0 : . . . : : 1) lies on y but this 
contradicts ( [4.1|) . Since t is a local parameter at P, we also have vp{dt) = 0, and the 
claim follows. □ 
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The following result will play a crucial role in the sequel. 
Lemma 4.6. 

1 when P G X{Fy2) , 



when P ^ 



Proof. From the proof of Lemma ^.2| we obtain the following result. For any point 

P eX, 

• P ^ X{Yq2) if and only if YaU(A,i0.m,i 7^ 0, 

• P e X{^qi) if and only if YaU '^i',i«'M,i = but YaU «i,t^ 7^ 0. 

On the other hand, 

oo oo 

/o A7o' + • • • + /m AVI/ = (E «o.^^)(«o,i +t%..])+...+C£ aMjni<f,i +n..]). 

j=0 j=0 

Hence 

. vpUoDtf^ +... + fuDtfl,) = if and only if E a^,o<i 7^ 0. 

. vpifoDlfS + ■■■ + ImDUI,) = 1 if and only if E a^,o<i = but E ^ 0. 



Now, comparison with the previous result proves Lemma ^ . 

Now we are in a position to finish the proof of Theorem By pO| , p. 6], 
J2 vp{Rm) = (eo + ei + . . . eM){2g - 2) + (M + l)(g + 1) , 



□ 



and 



^Vp{Rm-i) = (eo + ei + . . . eM-i){2g - 2) + M{q + 1) 



Hence E('^^'(-^m) — vp{Rm-i)) = 9(2(7 — 2) + g + L Lemmas ^ 



4.5, and 4.6 



together with Y'^pifAi) = q + 1 give Theorem 4.1 



5. Examples 



We will show how each of the known examples of maximal curves with deg(P) = 3 can 
be embedded in a non degenerate Hermitian variety defined over Fg2 of P^(Fq2). In 
this way we obtain an independent proof of the maximality of these curves. 

Example 5.1. (g Thm. 2.1.(IV)(2)]) Let g = 2 (mod 3), and fix a primitive third 
root of unity e G Fg2. For i = 0, 1,2, let Cj be a projective geometrically irreducible 
non-singular curve defined over Fq2 whose function field over Fg2 is generated by x and 
y satisfying the irreducible polynomial relation 

Let 

/o := X] fi := x^; /s := l/^ /s := xy 
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be the coordinate functions of a morphism vr = Cj — > P'^(Fq2). Note that the these 
three curves 7r(Cj) are pairwise projectively equivalent in P^{Fg2). In fact, the hnear 
transformation induced by the matrix 

0" 

e^* 
10 
e\ 

maps 7r(Co) to 7r(Ci). We show that 7r(Cj) is projectively equivalent to a projectively 
irreducible non-singular curve defined over Fq2 and contained in the non-degenerate 
Hermitian surface Hs of equation Xq"*"^ + Xf'^'^ + X^'^^ = 0. To do this we start 

with the relation in Fg2 [X, Y] 

which yields x<?+i+a;2('?+i) +7/3(9+1) .sa^'j+i^g+i = q. Thus, /o"*'^+/r^+/|^^-3/|+^ = 0. 
This shows that vr(Cj) lies on the non degenerate Hermitian variety Ti of equation 
X^+^ + + X|+^ + X|+^ = 0, up to the linear transformation (Xq, Xi, X2, X3) ^ 
(Xq, Xi, X2, 10X3) with = —3. Furthermore, 7r(Cj) is contained in the cubic surface 
E3 of P^(Fq2) of equation X| + w^XqXiX2 = 0. More precisely, the intersection curve 
of Ti and E3 splits into the above three pairwise projectively equivalent curves, namely 
7r(Co), vr(Ci), and vr(C2), each of degree g + 1. By Theorem |073| , 7r(Cj) is a non-singular 
maximal curve defined over Fg2. According to 0, Thm. 2.1.(IV)(2)], its genus is equal 
to (g2 -g + 4)/6. 

Example 5.2. (P, sect. 6]) A similar but non isomorphic example is given in [^. 
Again, assume that 3 divides q+1, and fix a primitive third root of unity e G Fg2. For 
2 = 0, 1, 2, let Cj be curves as in Example |5.1| whose function field over Fg2 is generated 
by X and y satisfying the irreducible polynomial relation 

ei^a;fa-2)/3 + ^9 + ,V2,-l)/3^Q_ 

Let 

/o := x; fi := x^] /a := l/^ h ■= -^xy 

be the coordinate functions of a morphism vr = Cj — > p3(Fq2). Note that the these 
three curves 7r(Cj) are pairwise projectively equivalent in P^{Fg2). In fact, the linear 
transformation induced by the matrix 

'e' 0" 
e^* 
10 




rp(i) _ 
-'4 — 
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maps 7r(Co) to 7r(Cj). 

We show that n{Ci) is projectively equivalent to a projectively irreducible non-singular 
curve defined over Fq2 and contained in the non-degenerate Hermitian surface Tis of 
equation Xq"^^ + Xf'^^ + X!^'^^ + = 0. To do this we start with the relation in 

F,.[X,Y] 

(YX'^^^ + y + X^'^'^^^^^^){eYX'^^^ + y + e2ji^(2g-l)/3-j^g2yji^g-3 _|_ _|_ gj^(2g-l)/3-j 

= Y^X'^~'^ + V'^'^ + X^'^^^ — 3X'^^^Y'^^^ 

which implies y^x''~^ + + a;^'='~^ - 3x'''^y''^^ = 0. Thus, + 7/^^+^ + - 
3^,+i^,+i = 0, and hence + fif, + ffk - ^ft' 



the surface S^+i of equation X^Xi + XfX2 + X|Xo — 3X|~^^ 



0. This shows that 7r(Ci) lies on 
= 0. Furthermore, 7r(Cj) 
is contained in the cubic surface S3 of P'^(Fy2) of equation X| + 27X9X1X2 = 0. More 
precisely, the intersection curve of Sg+i and S3 splits into the above three pairwise 
projectively equivalent curves, namely vr(Co), vr(Ci), and vr(C2), each of degree g + 1. 

To prove that Sg+i is projectively equivalent to TC3, we use the same argument employed 
in §. Choose a root a of the polynomial p(X) := X«+^ + X + 1. Then a«'+«+^ = 1, 



By 0, Lemma 4] , a«+^ + a^'+^+i + a = and a9'+«+2 + 0^+^ + 1 = 0, 



and hence a e F^s. ay |y. Lemma 4J, a'^'^" + a'^ ^'^'^ " + a 

but ^ ^92+1 ^ _^ Q ^ ^g^+l ^ ^ 

a 1 a^'+i' 
M3 = a«'+^ 

1 a« 



Furthermore, the matrix 



1 

a 



1 

a 



9+1 



is non-singular. Also, choose an element /i G F^ satisfying —3fi 
and define k as the projective linear transformation k : P^{Fq) 
the non-singular matrix 



a 



P^(Fq) induced by 





a 


1 




" 


M4 = 




a 


1 





1 




a 



















A straightforward computation shows that k ^ maps S^+i to 7^3, and S3 to the cubic 
surface S3 of equation 

(Xq^ + Xj' + X|) + Tr[a'?+^](X2Xi + X^Xs + X^Xq) + Tr[a]{X^X2 + X^Xq + X^Xi) 

+ (3 + Tria"-^] )XoXiX2 - a^^V^^I = 
where Tr[u] := u + u'^ + u"^^ is the trace of m G F^s Furthermore a'^^^fi^ G Fg2, and 
this shows that S3 is actually defined over Fq2. Now, 7r(Cj) is mapped under k^^ to a 
projectively irreducible algebraic curve of degree g + 1 defined over Fq2 and contained 
in 7-^3. By Theorem p.3| K~^{Ci) is a non-singular maximal curve defined over Fq2. By 
[0, Lemma 6.1.(5)], its genus is equal to {q^ — q~ 2)/6. 
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Example 5.3. (0) Let q be odd and for i = 1, 2, let Cj(Fg2) be curves as in Example 
whose function field over Fg2 is generated by x and y such that 

+ = 0. 

The functions 

/o := 1; fi ■= x; /2 := y, fs ■= 

define a morphism vr = Cj — >■ P'^(Fg2). The resulting curves 7r(Ci) are projectively 
equivalent, since the linear transformation induced by the matrix 

1 0" 
e 
10 

pool. 

with e'-'^"^^-'/^ = —1, maps 7ro(Co) to 7r(Ci). The polynomial relation 

implies that y^i + 2yi+^ + y^ - x^+^ = in Ci(Fg2). Hence fl + h + 2/|+^ - fl^^ = 
in Cj(Fq2). This proves that 7r(Cj) lies on the surface S of equation X^Xq + X^Xq + 
2X|+^ - Xi^+^ = which is actually a non degenerate Hermitian variety defined over 
Fg2 of P^(Fq2). Also, Ci lies on the quadratic cone K of equation X| — XqX^ = 0, and 
hence the intersection of E and K splits into the curves 7i{Cq) and 7r(Ci). By Theorem 
|073| vr(Cj) is a a non-singular maximal curve defined over Fq2. Its genus is equal to 
{q — 1)^/4, according to 

Example 5.4. (0) Let q = 2*, and put Tr[Y] ■.= Y + Y^ + ... + F'?/^. For i = 0, 1 e 
F2 C Fq2 , let Ci be curves as in Example |5.1| whose function field over Fg2 is generated 
by X and y such that 

Tr[y] + x''^^ + i = . 
Let n = C ^ P'^(Fg2) be given by the coordinate functions 

/o := 1; /i := x; /a = y; fs = x^ . 

Since 

(Tr[F] + X^+i) + (Tr[F] + X«+i + 1) = + F + + X29+2 

we have y'^ + y + x'^^^ + a;^'^^^ = in C(Fg2). This implies that 7r(Cj) lies on the 
non degenerate Hermitian variety H of equation X|Xo + X2XQ + Xf'^^ + X|^^ = 0. 
Furthermore, the quadratic cone K of equation X3X0 = Xf also contains 7r(Cj). Hence 
HnK splits into vr(Co) and 7r(Ci). Note that vr(Co) and vr(Ci) are projectively equivalent 
curves in P^(Fq2), and hence both have degree q + 1. Again by Theorem p.3| 7r(C,;) is 
a non-singular maximal curve defined over Fq2. Its genus is equal to q{q — 2)/4. 
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Example 5.5. (H) Let q = 3*, and put Tr[Y] := Y + + . . . + Y'^/\ For i = 0, 1,2 e 
F3 C Fg2, let Ci be curves as in Example |0| whose function field over ¥^2 is generated 
by X and y such that 

Tr[y]'^ — — X + i(Tr[y] + i) = . 

Since {Tr[Y]^ + X" - X){Tr[Y]^ - X'' - X + Tr[Y] + l){Tr[Y]^ - - X -Tr[Y] + l) = 
{XI + + X - 1)2 - (r^ - r)2, we have 

(*) {x^ + x^ -y^ + xy + (x^ + x^ -y^ + x)- - ?/'?+^ = . 

Let TT = Cj — > P^(Fg2) be given by the coordinate functions /o := l;/i := x; /2 = 
y,f3 '■= x^ + x^ — y"^ + X. It can be checked that these three curves are pairwise 
projectively equivalent in P^(Fg2). From Eq. (*), vr(C) lies on the non degenerate 
Hermitian variety of equation XqX^ + XqX^ — Xf^^ — = 0. Furthermore, the 

cubic surface of equation X^Xq — Xf + XfXo + X|Xo — XiXq also contains vr(Ci). 
It turns out that vr(Cj) has degree q + I, and Theorem 2]3| ensures that n{C) is a 
non-singular maximal curve defined over ¥^2. Its genus is equal to q{q — l)/6. 

Remark 5.6. In all the above examples X lies not only on a non-degenerate Hermitian 
surface but also on a cubic surface. This is related to a classical result of Halphen 
on reduced and irreducible complex algebraic curves in not lying on a quadratic 
surface which states that the degree d and the genus g satisfy of such a curve satisfy 
the following inequality: 



f rfV6 -d/2 + 1 ford = mod 3; 
9 _ 7ri(d,3) - I ^2/Q_^/2 + 1/3 ford^O mod 3. 

A rigorous proof of the Halphen theorem and its extension to higher dimensional spaces 
is found in the book @]. Rathmann pointed out that the proof also works in positive 
characteristic apart from some possible exceptional cases related to the monodromy 
group of the curve. 

6. Appendix 

For M > 3, in Section ^ we have claimed that the curves y C P^^(F^2) and 3^ C 
pA^-ij'p^j) are Fg2-birationally equivalent, up to a change of coordinates in P^^(Fq2). 
Now we give the proof. Notation and terminology being as in Section ^, two technical 
lemmas are needed. 

Lemma 6.1. The space P*^(Fg2) contains a point P satisfying each of the following 
three conditions: 

• P is not on Ti; 

• no tangent line to y at a ¥g2-rational point passes through P; 
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• no chord through two ¥q2-rational points ofy passes through P. 

Proof. Take a Fg2-rational point Q E y. Since the number of Fq2-rational points of X 
is + 1 + 2gq < + 1, there are at most q'^ chords through Q and another Fq2-rational 
point of 3^. But, since M > 3, the number of Fg2-rational hues through Q is at least 
q^ + q"^ + 1 and hence one of these hues is neither a hne contained in 7i, nor a tangent 
hne to 3^ at Q, nor a chord through Q and another Fq2-rational point of 3^. Now, any 
Fq2-rational point P outside H is a. good choice for P. □ 

Lemma 6.2. Let r be a Fq2-rational line through a Fq2 -rational point R of y. Then 
r ny only contains Yqi-rational points from y . 

Proof. Assume on the contrary that r meets 3^ in a non Fq2-rational point S. Then 
r is the hne joining S and Fr(S'). This imphes that r is contained in the osculating 
hyperplane of 3^ at S. Hence the common points of r with 3^ are only two, namely S 
and Yr{S). But this contradicts the hypothesis that R E r r\y . □ 



Take a point P as in Lemma |6.1| . By a classical result (see |T^, and also |jT3|, 23.4]), the 
linear coUineation group PGU{M + l,q^) preserving Ti acts transitively on the set of 
all points of P*'^(Fg2) not on H. Hence a linear collineation of P^^(Fq2) can be apphed 
which preserves Ti and maps P to (0 : . . . : : 1). Lemmas and ^]2| ensure now 
that y and 3^ are Fg2-birationally equivalent. 
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